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METHODS OF EXPERIMENTAL VERIFICATION OF STEINER THEOREM IN
PHYSICAL PRACTICUM AND LABORATORY WORK

Zharilkasin Iskakov*

Abstract: In this paper, the technique of laboratory work on experimental verification of Steiner’s Theorem in
laboratory conditions is developed. To do this, specially designed experimental device was used. The main part
of such device is a simple physical pendulum, swinging freely about the axis of suspension, consisting of a
cylindrical disc set on a thin rod. To determine the moment of inertia of cylindrical body about the axis of
vibrations, property of a physical quantity additivity was used. When processing experimental results, functional
approximation by a least squares method was applied; as a result, the empirical expression of Steiner’s Theorem
was achieved. Results of experimental studies were very close to the results of theoretical calculations.
Laboratory work can be easily repeated for a body of arbitrary shape. The methodology used can be
recommended for physical practicum in universities as an effective and easy way of experimental verification of
Steiner’s theorem.
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Introduction

Physical laboratory practicum is an experimental study of physics, supported by modern educational
equipment. The purpose of laboratory practicum is training of strong competitive specialists with
university quality of basic training and skills of practical application of knowledge. Laboratory
practicum is focused on the development of intelligence of a student, increasing interest to a subject,
acquisition of ability to create. Providing intensive training, laboratory practical work solves the
problem of quality education in conditions of shortage of teaching time.

In the physical laboratory works of Evgrafova & Kagan (1970) and Korzun (1991), practical
instructions of Baypakbayev, Karsybayev, & Salamatina (2007), and many other laboratory works,
learning of free mechanical vibrations and determination of gravitational acceleration are done by
means of physical reversible pendulum by Bessel’s Method. Article of Akimov, Baranov & Saletsky
(2000) describes ways to improve the accuracy of measurement of gravitational acceleration through a
training physical pendulum. The formulae for determining the error estimation of the gravitational
acceleration (g) were obtained.

A method for increasing the accuracy of determining of the gravitational acceleration (g) in conditions
of university laboratory is proposed. The guidelines of Baypakbayev, Zavadskaya, Tonkonogaya, &
Semeneniya (2008) study free oscillations on the model of a simple pendulum; the accuracy of
implementation of this model in a laboratory conditions is estimated. The result is determination of
amplitude range, in which the oscillation period remains constant with a given accuracy. Also the
damping effect within oscillation period is investigated; it is checked to determinie whether a linear
relationship between the square of oscillation period and the length of the suspension is experimentally
confirmed. The article of Korzun (1991) experimentally studies the natural oscillations of spring-
actuated pendulum, stiffness coefficient of spring, the oscillation period, and friction coefficient of
pendulum in a viscous medium. The practicum of Astapov et al. (2011) identifies the characteristics of
damped oscillations of a physical pendulum. Work of Kachevskiy (1998) defines, besides
characteristics of damped oscillations of a physical pendulum, internal friction of the mechanical
system, and characteristics of material—the damping capacity and the shear modulus.

Pendulums were used not only for the experimental study of free mechanical vibrations, but also for
experimental determination of inertia moment of the pendulum and experimental verification of

! Zharilkasin Iskakov, Almaty University of Energy and Communications, Kazakhstan, iskakov53@mail.ru

323


mailto:iskakov53@mail.ru

CBU INTERNATIONAL CONFERENCE ON INNOVATION, TECHNOLOGY TRANSFER AND EDUCATION
FEBRUARY 3-5, 2014, PRAGUE, CZECH REPUBLIC WWW.CBUNI.CZ, 0JS.JOURNALS.CZ

Steiner’s Theorem. In the works of Evgrafova & Kagan (1970), Astapov et al. (2011), Maysova (1970)
and methodological guidelines of Baypakbaev, Karsybaev, & Salamatina (2007), the measurement of
inertia moment of the body was affected by observation of torsional oscillations; herewith, the task of
experimental determination of inertia moment of the oscillating body was solved on the basis of
energy conservation law. The article of Gladun et al. (2004) presented a lab work to determine the
principal moments of inertia of solids and to build central ellipsoid of inertia using torsional
vibrations. Unlike previous work, Vasiliev, Saletsky, & Slepkov (2000) have determined the inertia
tensor at an arbitrarily chosen coordinate system, rigidly attached to the body. The experiment idea is
based on connection of inertia tensor components with the moments of inertia in rotation relative to
fixed axes. If previous authors used physical pendulum to study free linear oscillations, Koryavov
(2003) used it for study of nonlinear oscillations. He suggested a pendulum, which allows us to
investigate the violation of isochronism of oscillations by increasing their amplitude, in laboratory
conditions, when the measurement of oscillation period cannot be carried out with great precision.

The aim of this work is to develop, in physical laboratory practicum, the methods of experimental
verification of Steiner‘s Theorem and to study free mechanical vibrations with a simple physical
pendulum.

The experimental device and methods of experimental verification of Steiner’s Theorem

The experimental device, shown in Figure 1, consists of a physical pendulum suspended on bracket
(1), photoelectric sensor (2), connected to it by an electronic stopwatch (3) and oscillations counter
(4), and an angle scale (5). Physical pendulum is a cylindrical disc (6), fitted to a thin rod with notes
(7), attached with a screw (8). Unlike the device model proposed by Evgrafova & Kagan (1970), a
cylindrical disc can be moved freely along the rod and can be secured in a required place. Also, there
are discs of different masses with longitudinal and transverse cylindrical holes. Time and number of
oscillations is automated. The front panel of the body has three key switches, which are POWER,
RESET, and STOP, and digital indicators—highlighting the readings of stopwatch and oscillations
counter.

Figure 1: The experimental device shown from front view (a) and side view (b)
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Source: Author

324



CBU INTERNATIONAL CONFERENCE ON INNOVATION, TECHNOLOGY TRANSFER AND EDUCATION
FEBRUARY 3-5, 2014, PRAGUE, CZECH REPUBLIC WWW.CBUNI.CZ, 0JS.JOURNALS.CZ

Now we present the methodology of the experimental verification of Steiner’s Theorem in educational
laboratory settings. Initially, the experiment was carried out with an unloaded pendulum, i.e. with the
rod. First, we verify the initial position of the pendulum by means of support screws (to match of
arrow on zero point of the scale). Then, we offset a pendulum from its equilibrium position to the left
for A, =5 scale divisions, turn on a stopwatch and oscillations counter, push the POWER button, and

release the pendulum, enabling it to swing freely. Next, we measure the duration (t) using a

stopwatch, corresponding n =50 oscillations, push the STOP button. By pushing the RESET button,
we clear the readings of the stopwatch and oscillations counter to zero. Dismissing the pendulum to
the right, we repeat the experience from the same division of angle scale. Now we continue the

experiment with a loaded pendulum. Cylindrical disc of smallest mass (m, ) is placed on a thin rod
from a free end and screwed on the shortest distance ( z,) from the point of suspension. Then, repeat

the previous steps of the experiment. Release the cylindrical disc down to the next mark ( z,) of the

rod, we repeat the first stage of the work. The measurement results are recorded in Table 1a. Then, we
repeat the experiment with pendulum with heavier discs. The results are recorded in Table 1b and
Table 1c.

Table 1a: The results of measurements and calculations at m, = 0; 0.21 kg

m Zp Zc t(s) T (s) 110 l,-10 l;-10°
(kg) (m) (m) |eft nght Average s (kg.mz) 3 (kg.mz) 3 (kg.mz)
0.08 - 0.25 | 58.43 58.42 58.43 1.17 6.86 - 6.56
0.29 0.08 0.13 | 48.01 48.02 48.02 0.96 8.51 1.65 1.36
0.13 0.16 | 47.64 47.63 47.64 0.95 10.89 3.27 3.58
0.18 0.20 | 49.23 49.23 49.23 0.99 14.07 7.21 6.85
0.23 0.23 | 51.78 51.78 51.78 1.04 18.40 11.54 11.17
0.28 0.27 | 54.71 54.71 54.71 1.09 23.67 16.81 16.55
Source: Author
Table 1b: The results of measurements and calculations at m, = 0.31 kg
m zZy Z; t(s) T (S) I-10° Iy 10 1,-10°
(kg) (m) (m) |eft nght Average * (kg.mz) : (kg'mz) : (kg.mz)
0.39 0.08 0.11 | 45.29 45,28 45.29 0.91 9.20 2.34 2.00
0.13 0.15 | 45.49 45.48 45.49 0.91 12.53 5.67 5.27
0.18 0.19 | 49.82 47.79 47.81 0.96 17.42 10.56 10.09
0.23 0.23 | 50.97 50.96 50.96 1.02 23.77 16.91 16.47
0.28 0.27 | 54.37 54.37 54.37 1.09 31.69 24.52 24.40

Source: Author

To calculate the arithmetic mean of the oscillation duration (t) and the period of oscillation (T), we

use the following formula:
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Coordinate of the pendulum’s center of gravity (Saveliev, 2012) is calculated by formula:

m,z, +m, |2
7o =———= )
m, +m,
The moment of inertia of a physical pendulum (Haykin, 2008) is:
mgz. —,
| = cT 3
Ar? 3)

where, m=m, +m, is the mass of a physical pendulum.
Here, body mass (m, ) includes a mass of the disc with holes (m, ) and a mass of screws (m;); m, and

| are mass and length of the rod, respectively.

Using the property of additivity of the moment of inertia value (Trofimova, 2008), we calculate the
moment of inertia of a cylindrical body as the difference between the moment of inertia of a physical

pendulum (| ) and the moment of inertia of the rod (1,),
l,=1-1, 4)

The results of calculations are assigned in appropriate tables. For all values of disc mass
m,, < m,, < m,,, we construct a graph of the moment of inertia of a cylindrical body (disc) against

distance between the point of suspension and the center of the body, |, =1, (zs) To build the graph

for I, =1, (zs) , We use an approximation function by the least squares method (Diakonov, 1987):

l, =8, +2a,(z;) )
where,
NZ(Zﬁ), Ibi —Z(Zﬁ)i Z Ib.
a, = i=1 - : |:1N |:12 (6)
N3 (2 | 3(2),
and,

1 N N
ao=ﬁ[2|bi—a22(z§)i} @)
i=1 i=1
This formula is essentially an empirical expression of Steiner’s Theorem.

Error coefficients a,and a, are respectively equal (Gladun et al., 2004), thus,

ND 1y —(Z 'b‘j
~ i=1 i=1 ~a, (8)

SO S [Se |

i=1 i=1
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and,

0= JN IN (zé)?—[i(zé)f ©

i1

Table 1c: The results of measurements and calculations at m, = 0.41 kg

m (kg) | zp (M) | z. (M) t(s) T (s) 1-10° 110 I.-10°
left | right | average kgm?) | P kgm?) | (kgm’)

0.49 0.08 0.11 43.44 | 43.44 43.44 0.87 9.96 3.10 2.65

0.13 0.15 4422 | 44.23 44.23 0.89 14.38 7.52 6.96

0.18 0.19 47.05 | 47.05 47.05 0.94 20.85 13.99 13.34

0.23 0.23 50.50 | 50.52 50.51 1.01 29.17 22.31 21.76

0.28 0.27 54.26 | 54.27 54.26 1.09 29.76 32.90 32.24

Source: Author

We can compare experimental graphs with the graphs drawn from the theoretical formula of Steiner’s
theorem, I, = I, +m, (7).

Considering the small effect of longitudinal holes, |, is the moment of disc inertia relative to an axis,

passing through its center and parallel to its generatrix, and can be calculated using the following
formula:

I :%mh(r2+rf)+%(mslrf+m52r22) (10)

where, m, is the mass of an annular disc; rand r are its outer and inner radii, respectively; m, and
m,, are the masses of the main and head parts of fixing screw, respectively; T, is the radius of head

part of the screw.

To carry out further calculations, the following parameters of the pendulum have been used:

m. =0,082kg;1 =0,49m;m, =0,2;0,3;0,4kg;r =0,06m;r, = 2,45-10°m;m_ = 2,22-10°kg;
m,, =8,78-10°kg;r, = 0,01m

Figure 2 shows the graphs of the moment of inertia of a cylindrical body (l,) against the square of the
distances between the point of suspension and the center of the body (Z,?), built according to the
experimental data listed in Tables 1a through 1c (lines with data points); they are numbered as 1, 3 and
5. For comparison, the solid lines 2, 4 and 6, built from the theoretical formula, are also shown in
Figure 2.
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Figure 2: Graphs of I, against Z,2, constructed from experimental data and theoretical calculations
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Table 2 shows the results of processing by the least squares method.

Figure 3 shows the graphs of the moment of inertia of a cylindrical body (l,) against the square of the
distances between the point of suspension and the center of the body (Z,°), built according to
processed experimental data (lines 1, 3 and 5) and by theoretical formula (lines 4, 5 and 6).

Table 2: The results of processing by the least squares method

m,, kg a,-10°kg - m? a,, kg o, 107 kg-m* | o, .kg
0.21 0.07262 0.21453 0.10597 0.00411
0.31 0.46978 0.30829 0.04590 0.00178
0.41 0.51513 0.41307 0.02496 0.00097

Source: Author
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Figure 3: Graphs of I, against Z,%, constructed from processed and theoretical calculations
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We can see the proximity of experimental curves to the theoretical that allows us to draw conclusions
that the method of experimental verification of Steiner’s Theorem is one of the most effective and
easiest ways to verify the mentioned theorem. Calculation and presentation of its results can be
automated, using a dialog box in visual programming system Delphi 7 (Arkhangel'skiy, 2004).

Conclusion

The article presents the experimental device, adapted for an experimental verification of Steiner’s
Theorem in educational laboratory settings. The technique of laboratory work on a very simple
physical pendulum is developed. To experimentally determine the moment of inertia of an object
under investigation (a cylindrical body), property of additivity of a physical quantity was used.
Processing of results was performed with approximation of functions by the least squares method.
Comparison of the experimental results with theoretical calculations shows their close proximity.
Experimental work can be easily implemented with other objects with regular and irregular shapes.
This allows us to recommend the experimental device and this methodology for laboratory work using
physical practicum in universities as an effective and easy way to verify Steiner’s Theorem.
Laboratory work can be expanded with the study of damped oscillation and the definition of its
characteristics: the period of oscillation, the logarithmic decrement, damping coefficient, relaxation
time, the number of oscillations committed during the relaxation time, quality factor and the internal
friction of vibrating system.
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